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Abstract
This project aimed to develop a program to predict the future prices given past
prices of a stock. Using the properties of Brownian motion, we may derive its
mean and variance. A stock price is modeled as a Geometric Brownian motion,
with mean referring to the average return of the stock and the volatility referring to
the risk of the stock. For each individual stock, the mean and volatility aid in
predicting the future stock price.

Standard Brownian Motion {W(t)}
●

●

●

Properties
○ W(0) = 0
○ W(t) is continuous
○ W(1)-W(0), W(2)-W(1), W(3)-W(2), … are
independent
○ W(t(k+1)) - W(t(k)) follows a normal distribution
with mean 0 and variance t(k+1) - t(k)
W(t(k+1)) = W(t(k)) + (√(T/N) * Z(k))
○ T represents the time segments
○ N represents the increments of steps
○ Z has a normal distribution with mean 0 and
variance 1
○ Z(1), Z(2), …. are independent variables
Used to generate a path of Brownian Motion

Fig. 1: This figure illustrates
a single path of Brownian
Motion

Non-Standard Brownian Motion {X(t)}
●
●
●
●

Use to generate a path with a given 𝜇
and standard deviation 𝜎
X(t) = 𝜇t + 𝜎W(t) + X0
ΔX(t) = X(t(k+1)) - X(t(k)) = 𝜇Δt +
𝜎ΔW(t) follows N( 0 , 𝜎^2 *Δt ).
Xt(k+1) = Xt(k) + (√(Δt) * Z(k)* 𝜎) + 𝜇
(Δt)
○
○
○
○

T represents the time segments
N represents the increments of steps
Z has a normal distribution with mean 0
and variance 1
Z(1), Z(2), …. are independent variables

Fig. 2: This figure illustrates
a single path of
Non-Standard Brownian
Motion

Multiple Non-Standard Brownian Motion Paths
●

Using a for loop, multiple paths are created to be plotted over the same X axis

Fig. 3: This figure shows 10 paths of Non-Standard
Brownian Motion. The time segment is 10 while the
number of increment steps is 50. A smaller number of
individual paths display the variability within paths

Fig. 4: This figure shows 100 paths of Non-Standard
Brownian Motion. The time segment is 10 while the
number of increment steps is 50. With numerous paths,
one can see an overall trend in the paths.

Brownian Motion Compared to Non-Standard Brownian
Motion

Fig.5: This figure shows 100 paths of Brownian
Motion. The time segment is 10 while the number of
increment steps is 50. The paths of Brownian Motion
have a symmetrical spread over 0.

Fig. 6: This figure shows 10 paths of Non-Standard
Brownian Motion. The time segment is 10 while the
number of increment steps is 50. The mean is .1 and
the standard deviation is .2. An upward trend can be
identified in the Non-Standard Brownian Motion.

Deriving the Mean and Variance
●
●

●

By deriving the mean and variance from the Brownian Motion with multiple paths, I can calculate the
mean and variance for each step of time.
Mean
○ E(Xt(n))=∑(X(t(1))+X(t(2)) +...+ Xt(n))/n
■ X(t(k)) is the value at time t for k path
○ E(Xt(n+1)) =X(t(n)) * (n/(n+1)) + (Xt(n+1))/(n+1)
■ X(t(n)) represents the mean of X(t(n))
■ N is the number of paths
Variance
○ Var (Xt(n)) = E(X(t(k))^2) - E(X(t(k)))^2
■ X(t(k)) is the value at time t for k path
○ Var (Xt(n+1)) = (1/n)*((n-1)*VARk + (MEANk)^2 + (X(t(k+1)))^2 - (MEANk1)^2
■ X(t(k+1)) is the value at time t for k+1 path
■ VARk represents the variance of Xt(n)
■ MEANk represents the mean of Xt(n) and MEANk1 represents the mean of Xt(n+1)
■ N is the number of paths

Stock Price
●
●
●

The stock prices are exponential function of Brownian Motion.
The S(t) below corresponds to Geometric Brownian Motion
S(t) = e^(X(t)) * S0
○

●

X(t) = (𝜇- (𝜎^2/2))t + 𝜎W(t)
○
○

●

S0 is the initial stock price
𝜇 indicates the average return rate of the stock price
𝜎 indicates the volatility of the stock

Using Moment Generating Function,
○
○

Mean
■ E(St) = e^ 𝜇t
Variance
■ Var(St) = e ^2t(𝜇+(𝜎^2/2))

Determining the Mean and Variance given a Path
●
●

●

In the previous slides we have the capability of estimating the different paths with given mean and
variance, but this slide shows how to estimate the mean and variance given different paths
We know these paths follow the Brownian Motion
○ X(t) = 𝜇t + 𝜎X(t)
○ X(0) = 0
Independent Identical Distribution
○ Identifying the distribution of the change in X1- X0, X2-X1, ….Xn-Xn-1, which looks at the
change between two consecutive moments
○ P = X(Δt) = 𝜇 *Δt + (𝜎√Δt * Z)
○ P(n+1) = X(Δt)(n+1) =X(Δt)(n) +𝜇 *Δt + (𝜎√Δt * Z(n))
■ Z is a normal randomly distributed, independent variable
○ Mean
■ E(P) = (∑(P1 + P2 +... + Pn)) / (n* Δt)
○ Variance
■ Var(P) = ((P1- P)^2 + (P2- P)^2 + …+ (Pn- P)^2) / (n-1)(Δt)
■ P represents the mean

Future Steps
●

There are just a few more steps that would allow me to use this code and
algorithms on stock prices and thus, predict future stock prices. For an
observed path of a stock price, the next step would be to take the natural log
of the stock price
○

X(t) = (𝜇- (𝜎^2/2))t + 𝜎W(t)
The initial value = ln(S(0))
Mean = 𝜇- (𝜎^2/2)
Standard Deviation = 𝜎
Thus, the new Brownian motion path ln(S(t)) would be used to estimate mean
and standard deviation such as on slide 9.
○

●
●
●
●

ln(S(t)) = ln(S(0)) + X(t)

Potential Impact
●

●

Throughout this presentation, a model to predict stock prices has emerged
starting from the Brownian Motion. This model could aid people in their
choices of where and when to invest money into the stock market.
I believe this model supports the United Nations Sustainable Development
Goal 9: Industry, Innovation, and Infrastructure, specifically target 9.3: Increase
the access of small-scale industrial and other enterprises, in particular in
developing countries, to financial services, including affordable credit, and their
integration into value chains and markets. Enlightening people about the
potential of observing the stock price as a function of Brownian Motion could
be a small start to equaling investment opportunities for people from all
backgrounds.

Full Code Using Python

Thank you!
A big thank you to Dr. Ren for all her guidance and support with this project.

If anyone has any questions or would like to learn more, please email me at
rustigek1@udayton.edu. I would be happy to talk about my capstone.

Wishing everyone in our Dayton Community well!

